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Abstract
We investigate the dynamical quadrupole structure factor of a spin-1/2 J1-J2
Heisenberg chain with competing ferromagnetic J1 and antiferromagnetic J2 in
a magnetic field by exploiting density-matrix renormalization group techniques.
In a field-induced spin nematic regime, we observe gapless excitations at q = pi
according to quasi-long-range antiferro-quadrupole correlations. The gapless
excitation mode has a quadratic form at the saturation, while it changes into a
linear dispersion as the magnetization decreases.
Keywords: Frustrated ferromagnetic chain, Spin nematic state, Quadrupole
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1. Introduction
The spin nematic state, which is a spin analogue of the nematic liquid crystal,
has attracted much attension as a novel quantum state emerging in magnetic
materials [1, 2]. The spin nematic order occurs when the conventional magnetic
dipole order is suppressed and instead a higher-order quadrupole order appears,
in which spins fluctuate in an axis without its direction along the axis chosen.
In general, the suppression of the magnetic order is caused by the competition
of interactions between spins. Indeed, several spin models involving competing
interactions have been pointed out to exhibit spin nematic states [3, 4, 5, 6, 7,
8, 9, 10, 11]. In particular, in a magnetic field, spins are forced to point to the
direction of the magnetic field, and transverse spin degrees of freedom remain
active. However, the transverse magnetic dipole order is suppressed due to the
spin frustration. Instead of spin operators itself, the product of spin operators
would provide new degrees of freedom that can possibly order.
As a prototypical model system for the spin nematics, we focus on a spin-1/2
J1-J2 Heisenberg chain in a magnetic field [3, 4, 5, 6]. Note that the quadrupole
operator is defined on a bond connecting sites in the spin-1/2 case, while it can
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also be defined at single site for S > 1. The precise ground-state phase diagram
has been obtained theoretically [5, 6]. At high magnetic fields, the ground state
is a spin nematic state, in which quadropole correlations are quasi-long-ranged
and transverse spin correlations are short-ranged. Longitudinal spin correlations
are also quasi-long-ranged. The ground state changes to a vector chiral state at
low magnetic fields. To explore the spin nematic state, a series of edge-sharing
copper-oxide chains has been studied [12, 13, 14, 15, 16, 17, 18]. However, it
is difficult to identify the spin nematic state, since magnetic probes are usually
insensitive to quadrupole correlations, i.e., four-point spin correlations.
To characterize the spin nematic state from a viewpoint of spin excitations,
dynamical properties such as the NMR relaxation rate and the dynamical spin
structure factor have been studied theoretically [19, 20, 21, 22]. Recently, it has
been pointed out that quadrupole correlations are directly accessible through
ESR measurements [23]. In this paper, to gain deep insight into the excitation
dynamics in the quadrupole channel, we investigate the dynamical quadrupole
structure factor by exploiting numerical methods.
2. Model and method
We consider a spin-1/2 J1-J2 Heisenberg model with ferromagnetic J1 < 0
and antiferromagnetic J2 > 0 in a magnetic field h on a one-dimentional chain
with N sites, described by
H = J1
∑
i
Si · Si+1 + J2
∑
i
Si · Si+2 − h
∑
i
Szi . (1)
Throughout the paper, we take J2 = 1 as the energy unit. Note that the total
magnetization m =
∑
i S
z
i /N is a conserved quantity, so that it can be used to
block-diagonalize the Hamiltonian. For the calculation of physical quantities at
a given m, the magnetic field is chosen to be the midpoint of the magnetization
plateau of m, while it is the saturation field for m = 1/2.
To clarify the excitation dynamics in the quadrupole channel, we calculate
a dynamical quadrupole structure factor, defined by
Q−−(q, ω) = −Im
1
pi
〈ψG|(Q
−−
q )
† 1
ω + EG −H + iη
Q−−q |ψG〉, (2)
where Q−−q is the Fourier transform of Q
−−
i = S
−
i S
−
i+1, |ψG〉 is the ground state,
EG is the ground-state energy, and η is a small broadening factor, set to 0.1 in
the present calculations.
We use density-matrix renormalization group (DMRG) techniques with open
boundary conditions [24, 25]. Equation (2) is precisely evaluated by targeting
multiple states |ψG〉, Q
−−
q |ψG〉, and [ω + EG −H + iη]
−1Q−−q |ψG〉. Note that
the spectrum at q and ω is computed after one run with fixed q and ω, so that
we need to perform many runs to obtain a full spectrum in a wide range of the
q-ω space. The Fourier transform of the quadrupole operator in open boundary
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Figure 1: The dynamical quadrupole structure factor Q−−(q, ω) at J1 = −1 and J2 = 1 for
typical values of m: (a) m = 0.5 (saturation), (b) m = 0.375, (c) m = 0.25, and (d) m = 0,
where h = 1.249, 1.222, 1.057, and 0, respectively. The system size is N = 64.
conditions is given by
Q−−q =
√
2
Nb + 1
∑
i
Q−−i sin(qi), (3)
where Nb = N−1 is the number of nearest-neighbor bonds, and q = npi/(Nb+1)
with integer n (= 1, · · · , Nb). We perform DMRG calculations with 64 sites at
typical values of J1 and m, in which the ground state is in the spin nematic
regime at high fields.
3. Results
In Fig. 1, we present intensity plots of Q−−(q, ω) at several values of m for
J1 = −1. At the saturation m = 0.5, we find a dispersive mode extending over
the whole range of q. The lowest-energy peak is at (q0, ω0) = (63pi/64, 0.00),
indicating gapless quadrupole excitations. The momentum 63pi/64 is the most
nearest to pi among all possible values npi/64 (n = 1, · · · , 63), suggesting that it
converges to pi in the thermodynamic limit. Thus the gapless point is at q = pi,
3
Figure 2: The dynamical quadrupole structure factor Q−−(q, ω) at J1 = −0.5 and J2 = 1 for
typical values of m: (a) m = 0.5 (saturation), (b) m = 0.375, (c) m = 0.25, and (d) m = 0,
where h = 1.582, 1.538, 1.303, and 0, respectively. The system size is N = 64.
signaling quasi-long-range antiferro-quadrupole correlations. The dispersion has
a quadratic form at low energies, while it disperses to high energy monotonically
with decreasing q. Comparing peak heights, the lowest-energy peak at (q0, ω0)
is most intense. With decreasing q, the peak height becomes lower, while it
turns to be higher and has a maximum at (q1, ω1) = (28pi/64, 1.40), and again
it becomes lower until q reaches the smallest value pi/64. Continuum excitations
are observed for q < q1. The upper bound of the continuum is clearly visible
due to the large intensity, but the lower bound is less distinct since the intensity
decreases with approaching there. The results are consistent with the previous
studies of the energy dispersion for the two-magnon band [4].
With decreasing m, the excitation mode appears to split into two parts, as
shown in Figs. 1(b) and 1(c). One represents gapless excitations, which locates
at q = pi and has large intensity near the gapless point even when we vary m in
the spin nematic regime. We note that the lowest-energy peak is actually found
at (q0, ω0) = (63pi/64, 0.04) for m = 0.375 and (63pi/64, 0.08) for m = 0.25. The
finite value of ω0 comes from the finite-size effect. For instance, the quadrupole
excitation energy and the width of the magnetization plateau are both finite in
finite-size chains. (q0, ω0) converges to (pi, 0) in the thermodynamic limit since
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Figure 3: The dynamical quadrupole structure factor Q−−(q, ω) at J1 = −2 and J2 = 1 for
typical values of m: (a) m = 0.5 (saturation), (b) m = 0.375, (c) m = 0.25, and (d) m = 0,
where h = 0.666, 0.656, 0.575, and 0, respectively. The system size is N = 64.
the gapless point is at q = pi due to the quasi-long-range antiferro-quadrupole
order. Here, a characteristic feature is that the gapless excitation mode near
q = pi changes to a linear dispersion with decreasing m. The other is dispersive
around (q1, ω1). Looking at the intensity distribution near (q1, ω1), the spectral
weight is quickly suppressed as we move away from (q1, ω1) and the dispersion
seems to be disconnected from the gapless excitation mode. At m = 0, where
the ground state is not the spin nematic state but a spin singlet state, we find
a sinusoidal dispersion around q = pi, and the spectral weight is distributed to
a continuum above it, as shown in Fig. 1(d). The bottom of the dispersion is
found at a finite energy, suggesting that the quadrupole excitation gap opens.
However, the gap is tiny for J1 = −1 since it is extrapolated to almost zero in
the thermodynamic limit.
Let us move on to the investigation at different values of J1. As |J1| decreases
with J2 = 1 fixed, the system approaches decoupled antiferromagnetic chains.
In Fig. 2, we show intensity plots of Q−−(q, ω) for J1 = −0.5. We find that the
spectrum at each m has a quite similar structure to that for J1 = −1. On the
other hand, as |J1| increases, the competition between J1 and J2 interactions
becomes significant. In Fig. 3, we show intensity plots of Q−−(q, ω) for J1 = −2.
5
At the saturation, the bottom of the gapless mode near q = pi becomes rather
shallow and has a flat structure [4]. The occurrence of a lot of quasi-degenerate
states should originate from the spin frustration effect. With decreasing m, the
excitation mode split into two parts in the same way as the case of J1 = −1.
We find that the position of (q1, ω1) varies with J1 such that q1 shift toward
small momentum and ω1 moves to lower energy with increasing |J1|. At m = 0,
the quadrupole excitation gap at q = pi is more distinct for J1 = −2 [Fig. 3(d)],
comparing with that for J1 = −1 [Fig. 1(d)].
4. Summary
We have investigated the quadrupole excitation dynamics of the spin-1/2
one-dimensional J1-J2 Heisenberg model in the magnetic field by numerical
methods. In the spin nematic regime, we have observed gapless excitations at
q = pi, signaling quasi-long-range antiferro-quadrupole correlations, while the
overall spectral structure depends on the magnetization. The gapless excitation
mode changes from a quadratic form at the saturation into a linear dispersion
with decreasing the magnetization.
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